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Abstract. Left unital Kantor triple systems will be shown to coincide with 
the triple systems attached to structurable algebras endowed with an involutive 
automorphism a, with triple product given by the formula xyz = V x ly ^ (z). A 
related result is proved for (—1, —1) Freudenthal-Kantor triple systems. Some 
consequences for the associated 5-graded Lie algebras and superalgebras are 
deduced too. In particular, left unital (—1, —1) Freudenthal-Kantor triple 
systems are shown to be intimately related to Lie superalgebras graded over 
the root system of type B(0, 1). 



1. Introduction 

A structurable algebra over a field is a unital (binary) algebra with involution 
(A, -,~) that satisfies 

(x-x,y,z) = (y,x-x,z), (1.1) 

for any u, v, x,y, z € A, where (x, y, z) = [x ■ y) • z — x • (y • z) is the associator of 
x, y, z, and 

V x , y (z) = (x ■ y) ■ z + (z ■ y) ■ x - (z ■ x) ■ y. (1.3) 

(See [SEMI-) 

For fields of characteristic not two or three, it is known that (jl.ip follows from 
(Ol) [A78] . 

On the other hand, a Kantor triple system (or generalized Jordan triple system 
of second order |K72[ [K73 ) is a vector space U endowed with a trilinear map 
U x U x U — >• U satisfying: 

[L(u, v), L(x, y)] = L(uvx, y) - L(x, vuy), (1.4) 

K(K(u, v)x, y) = K(u, v)L(x, y) + L{y, x)K(u, v), (1.5) 

for any u, v, x, y e U, where the maps L{x 1 y) and K{x 1 y) are given by 

L(x, y) : z i-> xyz, K(x, y) : z n- xzy — yzx, 

for x,y,z € U. 

Given a structurable algebra (A, - ,~), we may consider the triple product 

{xyz} = V x>y (z). (1.6) 
Then (A, {xyz}) is a Kantor triple system |F94j . 
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Moreover, if e = 1 is the unity element of the structurable algebra (A, •, ), then 
we have 



for any x £ A. 

Conversely, over a field of characteristic not two or three, if (U, {xyz}) is a 
Kantor triple system, and if e is an element in U satisfying (|1.7I) and (|1.8[) . then 
Faulkner proved in |F94[ Lemma 1.7] that (U, {xyz}) is the Kantor triple system 
obtained from a structurable algebra (U, - ,~) defined on U, with unity e, so that 
{xyz} — [x ■ y) ■ z + (z ■ y) ■ x — (z ■ x) ■ y as in (|1 .3[) and (11.61) . (A different proof is 
given in K01C| Theorem 5.1].) 

In |F94j . Faulkner studied a class of symmetric spaces called rotational, and he 
proved that they are intimately connected to real structurable algebras. To do so, 
he needed to prove first that if a Kantor triple system contains a distinguished 
element e satisfying only (jl.7p (we say then that e is a left unit of the Kantor 
triple system) then, assuming the characteristic is not two, three or five, still there 
exists a structurable algebra attached to the triple system, but in a indirect way. 
The definition of this structurable algebra is involved, and the triple product of 
the Kantor triple system does not have a clear description in terms of the binary 
product in the structurable algebra. 

In this paper it will be proved that, over fields of characteristic not two or three, 
we may attach to any Kantor triple system with a left unit a structurable algebra 
(A, - ,~) endowed with an involutive automorphism er, defined on the vector space of 
the Kantor triple system, such that now the triple product is given by the simple 
expression 



and conversely. That is, the Kantor triple systems with a left unit are precisely the 
Kantor triple systems obtained from structurable algebras (A, - ,~) endowed with an 
involutive automorphism a, so that the triple product is recovered by (11.91) . 

Moreover, the arguments used for left unital Kantor triple systems can be used to 
study left unital (—1, —1) Freudenthal-Kantor triple systems. Besides, the 5-graded 
Lie algebra naturally attached to any left unital Kantor triple system is shown to 
be graded over the nonreduced root system BCy, and of type By, while the Lie 
superalgebra attached to any left unital (— 1, —1) Freudenthal-Kantor triple system 
is graded over the root system of the simple Lie superalgebra -8(0, 1). Conversely, 
any B(0, l)-graded Lie superalgebra gives rise to a left unital (—1, —1) Freudenthal- 
Kantor triple system. 

It should be mentioned here that the case of the generalized Jordan triple systems 
containing an element e satisfying eex = xee = x instead of (jl.7|) and (|1.8[) has been 
studied to be intimately related with a variety of nonconmutative Jordan algebras 
in |EKO05j . Some balanced (—1,-1) Freudenthal-Kantor triple systems are then 
related to the algebras in this variety that have degree two. 

Throughout the paper we fix a ground field F of characteristic not two or three. 

2. Left unital Kantor triple systems and structurable algebras 



{eex} = x, 
2{xee} + {exe} = 'Sx, 



(1.7) 
(1.8) 



xyz = V x ^( y )(z) 7 

= {x ■ <r(y)) ■ z + (z- a(y)) ■ x - (z-x) ■ a(y), 



(1.9) 



WITH INVOLUTIVE AUTOMORPHISMS 



Let us first recall some definitions. Given a triple system (U, xyz) we will denote 
by L(x, y) the linear operator on U given by L(x, y)z = xyz, for x,y, z 6 U. 
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Definition 2.1 ([K72]). 

(i) A triple system (U, xyz) is said to be a generalized Jordan triple system if 
it satisfies 

uv{xyz) — (uvx)yz — x{vuy)z + xy(uvz) (2-1) 
for any u, v, x, y, z £ U or, equivalently, 

[L(u, v), L(x, y)] = L(L(u, v)x, y) - L(x, L(v, u)y), (2.2) 
for u, v, x, y £ U. 

(ii) A generalized Jordan triple system (U, xyz) is said to be left unital if there 
is an element e £ U such that L(e, e) = id (i.e., eex = x for any x £ ?7). 
The element e is said to be a Ze/i wmi. 

(iii) A generalized Jordan triple system (U, xyz) is called a Kantor triple system 
if it satisfies 

K(K{u, v)x, y) = K(u, v)L(x, y) + L(y, x)K{u, v), (2.3) 

for any u, v, x, y £ U, where 

K(x,y)z — xzy — yzx. (2-4) 

Remark 2.2. The left unit is not necessarily unique, as shown by the generalized 
Jordan triple system (U,xyz), with xyz = (x\y)z for a symmetric bilinear form. 
Any element u with (u\u) = 1 is a left unit here. □ 

Given a left unital generalized Jordan triple system (U, xyz), fix a left unit e and 
consider the linear maps: 

{p:U^U, x^ xee, ^ 
1 (J, : U — > U, x H> exe. 

Lemma 2.3. Let (U,xyz) be a left unital generalized Jordan triple system with left 
unit e. Then, for any x,y £ U , the following conditions hold 

L(xye, e) = L(e, yxe), (2.6) 

L(p(x),e) = L(e,fi(x)), L(fi(x),e) = L(e, p(x)), (2.7) 

p 2 =p 2 , pp = pp- (2.8) 

Proof. Equation (ET2")l with x = y = e, so that L(x, y) = id, gives ([2~5]l. Now (|2~7|l 
is obtained by imposing x = e or y — e in (I2.6[) . Also, (I2.7P implies p(x)ee = ep{x)e 
and p(x)ee = ep(x)e, or p 2 = /i 2 and p/^ = /ip. □ 

Lemma 2.4. Lei (U,xyz) be a left unital Kantor triple system with left unit e. 
Then, for any u,v £ U , the following conditions hold: 

K{u,e)e = (p- id)(w), (2.9) 

K(u, v) = -K(iiC(«, u)e, e), (2.10) 
0-id)(p-3id) = 0. (2.11) 
In particular, p and p are invertible linear operators. 

Proof. Equation (|2.9p follows from the definition of the operators K(x, y) in (12. 4p . 
while (|2.10p is a straightforward consequence of f)2.3|) . Now, from (|2.9I) and (|2.10|) 

we get 

(p - id)(u) = K(u, e)e = \k(K{u, e)e, e) = -(/> - id)K( U , e)e = i(p - id) 2 (u), 
whence ([2TTT) . □ 
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Therefore, if (U, xyz) is a left unital Kantor triple system with left unit e, then 

U = Ui® u a , 

with Ui = {x G U : p(x) = ix}, i = 1,3. Define the binary product * on U by 
means of 

x * y = ep~ 1 (x)y (2-12) 

for x, y G [7. 

Lemma 2.5. Wii/i £/iese conventions, we have: 

(i) e is the unity of the algebra (U, -k): e-k x — x — x -k e for any x G U . 

(ii) For any x,y G £7 

exy = p(x)*y, xey = p(x)*y. (2.13) 

(iii) For any x,y, z *E U 

xyz — x * (/i(y) * z) — /x(y) * (a; * z) + p[pp^ 1 (x) -ky) -k z. (2-14) 

(iv) For any x,y & U we have xye = K x ^ y (eyx), with 

{id for x G U\, 
-p forx£U 3 ,yeUi, (2.15) 
|p for x,y G C/ 3 , 

where p = 3id — 2,o. 

(v) For any x, y G C/, 

{2x*y-y*x, if x,y <E Ui or x,y e U 3 , 
3y*x, if x € Ui and y E U 3 , (2-16) 

Ax-ky — y-k x, if x G C/3 and y G C/i . 

Proof. The assertion in (i) is clear. For (ii) note that p(x)-ky = e(//~ 1 /x(x))y = exy, 
and 

p(x)~ky= e(p~ 1 p{x))y = e(pn~ 1 (x))y = L(e, p/j,~ 1 (x))(y) = L(x,e)y = xey, 

because of (|2.7[) . 

For (iii) we start with 

ex(eyz) = (exe)yz — e(xey)z + ey(exz), 

which we rewrite, using (ii), as 

p(x) -k (p(y) -kz) = p{x)yz - p(p(x) -k y) -k z + p(y) * (p(x) -k z), 

which is equivalent to the assertion in (iii). 

For (iv), if x G C/i, J2jj gives K(x,e)e = 0, and hence K(x,e) = by (j2~10|) 
and xye — K(x,e)y + eyx — eyx. However, if x G C/3, (|2.9p gives K(x, e)e = 2x 
and K{K{x, e)y, e)e equals 

f(p-id)#(z,e)y, byjUni), 

\K{x, e)L(y, e)e + L(e, y)K(x, e)e = K(x, e)p(y) + 2eyx, by (H3J). 

Thus (p — id)K(x, e)y — 2eyx + K(x, e)p(y) for any y G U. 

Now, if y G C7i this gives (p — 2id)X (x, e)y = 2eyx, but (p — 2id) 2 = id by 
(|2.1ip . so we obtain xye — eyx = K{x,e)y = 2{p — 2id)(eyx), or xye = (2p — 
3id)(eyx) = —p(eyx). If y G C/3 the same argument gives (p — 4id)K(x, e)y = 2eyx, 
and p(p — 4id) = — 3id, so we get xye — eyx = K(x,e)y = —^2p(eyx) or xye = 
i(3id - 2p)(eyx) = \p(eyx). 
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For (v) we start with 

ex(yee) = (exy)ee — y(xee)e + ye(exe), 

which we rewrite as 

exp(y) = p{exy) - yp(x)e + yep(x). 
With x i — y p~ 1 (x) and using (ii), this is equivalent to 

x * p{y) = p(x * y) + p(y) *x- ypfi~ l (x)e. 
Using (ii) and (hi) this gives: 

ip(x)*y if y G Ux, 

-p(p(x)*y), if x € Ux and y e U 3 , 
\p(p{x)-ky), i£x,yeU 3 . 

If x, y € U\ we get p(x-ky) — x-ky — y-kx + x*y = 2x-ky — y-kx. If x, y £ U3 we get 
p{x-ky) — 3x*y — 3y*x + p(x*y), that is, p{x*y) = 2x*y — y*x again. If x € U\ and 
y G U3 we get p(x*y) — 3x*y — 3y*x — p(x*y), that is, p{x-ky) = 3y*x. Finally, 
if x € U3 and y E Ux, we obtain p{x *y) — x-ky — y-kx — ix-ky — Ax-ky — y-kx. □ 

Proposition 2.6. Let (U,xyz) be a left unital Kantor triple system with left unit 
e, and consider the linear map a — p~ x p (p = 3id — 2p as above). Then a is an 
involutive automorphism of{U,xyz). 

Proof, a commutes with p and p and a 2 = p~ 2 (3id—2p) 2 = /?~ 2 (9id— 12p + Ap 2 ) = 
p~ 2 (3(p - id)(p - 3id) + p 2 ) = id by flUJ} and (j2"TTT) . and hence (|2TTlj) shows that 
it is enough to prove that a is an automorphism of the algebra (U, *) defined by 
(I2.12j) . Therefore we must prove 

a(p(x) *(J,(y)) = a(p(x j) * a(p(y)) 

or 

p(p(x) * p(y)) = p(p(x) * p{y)) (2.17) 

for x,y £ U. 

Equation (|2.6I) gives (xye)ee = e(yxe)e, or p(xye) = p(yxe), which is equivalent 
fLemma l2.5l) to pA XiV (p(y) *x) = pA VtX (p(x) *y). Change x to /x(x) and use (|2.8[) 
to obtain 

pA x<y (fj,(y) -k p(x)) = pA ViX (p 2 (x) -ky). (2-18) 

Set a(x) = i if x G {/,, i = 1, 3, and (3(x) — 1 for x £ Ux and j3{x) — —3 for x e [/ 3 . 
Hence /a(x) = a(x)x and p(x) = (3(x)x for any x £ Ux U E/3. Then f)2 . 18[> can be 
rewritten as 

cP" (x) 

pA X: y(p(y)-k p{x)) = jn^pT^ A v , x p(p(x)-k p(y)) 
= j^A ViX p(p(x)*p(y)), 
for x, y € £/i U C/3, because a 2 (x) = /3 2 (x). Then, (|2.17p is satisfied if and only if 

P(y) 

or 



V*x = ^A-^Ay^p-'pix * y), (2.19) 



for x, y E Ux U f7 3 
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Equation ([2~TTj) gives p~ x p = p _1 (3id - 2p) = 2id - p. Also (j2~15j) gives 

id, for x, y G U\ or x, y G U3, 
K^y^ = \ -p, for ief/i,j/e£/3, 
-p^ 1 , for x €ll 3 , y e Ui. 



Hence, 

f3(x) 



2id — p, for !,!/£ f/i or a;, y G U3, 



P(y) Ax ^ Ay ' xP 1/5 = I ^( 2id ~~ ^ = for x e Ul ' v e Us > 

\Zp~ x p~ x p = 3p~ x , for x € f/ 3 , y G C7i, 

and (|2.19[) follows at once from Lemma l2~5lV ) . □ 

Lemma 2.7. Lei (U,xyz) be a Kantor triple system with an involutive automor- 
phism a. Define a new triple product by {xyz} = xa(y)z. Then (U, {xyz}) is a 
Kantor triple system too, and a is an automorphism of (U, {xyz}). 

Proof. Denote by L(x, y) : z t-¥ {xyz}, and K(x, y) : z 1— >• {xzy} — {yzx}, the L and 
K operators of the new triple system. Then L(x,y) — L(x,o~(y)) and K(x,y) — 
K(x,y)o~. For any u,v,x,y € U we have: 

[L(u,v),L(x,y)} = [L(u,o-(v)),L(x,a(y))] 

= L(ua(v)x, a{y)) - L(x, a(v)ua(y)) 

= L({uvx}, y) - L(x, {vuy}), 

and 

K(K(u,v)x,y) = K(K(u,v)a(x),y)a 

= K(u, v)L(a(x), y)a + L{y, a{x))K(u, v)a 
= K(u, v)aL(x, a~(y)) + L(y, a(x))K{u, v)a 
= K(u, v)L(x, y) + L(y, x)K(u, v), 

because aL(x,y) = L(a(x),a(y))a for any x,y and a 2 = id. Hence (U, {xyz}) is a 
Kantor triple system. The assertion on a being an automorphism of (U, {xyz}) is 
clear. □ 

Lemma 2.8. Let (U, xyz) be a left unital Kantor triple system with left unit e, and 
let a be the involutive automorphism a = /i _1 (3id — p) as in Provosition \2.b\ Con- 
sider the new Kantor triple system (U, {xyz}) with {xyz} — xa{y)z as in Lemma 
\2. 7[ Then {eex} = x and 2{xee} + {exe} = 3x for any x G U . 

Conversely, let (U, {xyz}) be a Kantor triple system containing an element e 
such that {eex} = x and 2{xee} + {exe} = 3x for any x G U , and endowed with 
an involutive automorphism a such that a(e) = e. Define a new triple product on 
U by xyz — {xa{y)z}. Then (U,xyz) is a left unital Kantor triple system with left 
unit e, a is an automorphism of (U, xyz), and a = /i _1 (3id — 2p), for p and p given 
in (1231). 



Proof. For the first part, note that {eex} = eex = x as er(e) — e, and 2{xee} + 
{exe} = 2xee + ea{x)e = (2p — pa)(x) = (2p — (3id — 2p))(x) = Zx for any x G U . 

For the converse, Lemma [2~7I shows that (U, xyz) is a Kantor triple system with 
involutive automorphism a. Besides eex = {eex} — x, because cr(e) = e. Moreover, 
3.x = {see} + {exe} = 2xee + ea{x)e = (2p + pa)(x) for any x G U. Hence 
2p + pa = 3id and a = /i _1 (3id — 2p). □ 

We arrive to the main result of the paper: 
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Theorem 2.9. Let (U,xyz) be a left unital Kantor triple system with left unit e. 
Define a linear map and a (binary) multiplication on U by means of 

ix = 2x-xee, 

I x ■ y = xey — xa(y)e + yex, 

forx,y G U . Then (U, •,")) is a structurable algebra with unity e, a = (3id — 2p) 
is an involutive automorphism of (U, -,~) and the triple product on U is recovered 
as in equation (|1.9|) : 

xyz = (x ■ a(y)) ■ z + (z ■ a(y)) ■ x - (z ■ x) ■ a{y), (2.21) 

for any x,y,z € U . 

Conversely, if (A, -,~) is a structurable algebra endowed with an involutive auto- 
morphism a, and e = 1 is the unity of A, then [A, xyz) is a left unital Kantor triple 
system with left unit e, where xyz is defined by the formula in (|2.2ip . Moreover, 
a = /i _1 (3id — 2p), and the involution and the multiplication in the structurable 
algebra are related to this triple product by equation (|2.20|) . 

Proof. If (U,xyz) is a left unital Kantor triple system with left unit e, Lemma 12.81 
shows that with a = /i _1 (3id — 2p) and {xyz} — xo~(y)z, (U, {xyz}) is a Kantor 
triple system with {eeir} = x, 2{xee} + {exe} = 3cc, and where a is an involutive 
automorphism such that a(e) — e. Now |F94[ Lemma 1.7] (see also |KO10[ Theorem 
5.1]) proves that ([/,-,") is a structurable algebra with unity e, involution x, = 
2x— {xee} — 2x — xee and multiplication x ■ y = ^({xey} + {exy} + {xye} — {eyx}). 
Then [F941 (24-28)] show that in this case the triple product {xyz} is recovered as 

{xyz} = (x ■ y) ■ z + (z ■ y) ■ x - (z ■ x) ■ y. 

In particular 

{xey} = x-y + yx-yx, 
{xye} = x ■ y + y ■ x - x ■ y, 
{yex} =yx + x-y-x-y, 



so that 



xey — xa(y)e + yex = {xey} — {xye} + {yex} = x ■ y, 
for any x,y £ U, and 

xyz = {xa(y)z} = (x ■ a(y)) ■ z + (z ■ a(y)) ■ x - (z ■ x) ■ <r(y), 
for any x,y,z G U . 

Conversely, if (A, -,~) is a structurable algebra, |F941 Lemma 1.7] or |KO101 
Theorem 5.1] show that with the triple product {xyz} = V Xty (z) = (x ■ y) ■ z + 
(z ■ y) ■ x — (z ■ x) ■ y for x,y,z G A, (A, {xyz}) is a Kantor triple system where 
the unity e = 1 satisfies {eeir} = x, 2{xee} + {exe} = 3x for any x G A, and the 
involution and binary multiplication on A are recovered as follows: x — 2x — {xee} 
and x-y = {xey} — {xye} + {yex} as above. Now, if a is an involutive automorphism 
of (^4, -,~), then Lemma l2~8l shows that (A, xyz) is a left unital Kantor triple system 
with left unit e, where xyz — {xa(y)z}, and where a = /i _1 (3id — 2p). The result 
follows. □ 

Remark 2.10. Let (U,xyz) be a left unital Kantor triple system with left unit 
e, and let (U,-,~) be the structurable algebra with involution and multiplication 
given by (|2.20j) . Then the eigenspaces for p : x i— > xee are precisely the subspaces 
of symmetric and skew-symmetric elements for the involution: 

Ui = {x G U : xee — x} = {x G U : x = x}, 

U3 = {x G U : xee = 3x} = : x — —x}. □ 
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3. Left unital (— 1, — 1)-Freudenthal-Kantor triple systems 

In |YQ84j . Yamaguti and Ono considered a wide class of triple systems: the 
(e, 5) Freudenthal-Kantor triple systems, which are useful tools in the construction 
of Lie algebras and superalgebras. 

An (e, 5) Freudental-Kantor triple system (e,5 are either 1 or —1) is a triple 
system (U,xyz) such that, if L(x,y), and K(x,y) are given by 

L(x, y) : z t-¥ xyz, K(x, y) : z xzy — Syzx, 

then 

[L(u, v), L(x, y)] = L(uvx, y) + eL(x, vuy), (3.1a) 

K(K(u, v)x, y) = L(y, x)K(u, v) — eK(u, v)L(x, y), (3.1b) 

hold for any x, !/,«,»£ U. 

Kantor triple systems are exactly the (—1, 1) Freudenthal-Kantor triple systems. 
Actually, for e = -1, (|3~Ta|) and (|3.1b[t coincide with (Q|) and ([Ojl (or (l2TTj) 
and (12.31) ). but K(x,y) is symmetric on x and y for 5 = — 1, and alternating for 
<5 = 1. In particular, (—1,-1) Freudenthal-Kantor triple systems are generalized 
Jordan triple systems. Also, Freudenthal triple systems, symplectic triple systems 
and Faulkner ternary algebras are intimately related to (1,1) Freudenthal-Kantor 
triple systems. (See, for instance, |E071 Theorem 4.7] and [E061 Theorem 2.18], and 
references therein, for the relationship between these triple systems.) 

With the same arguments as in Lemma 12.71 we have: 

Lemma 3.1. Let (U,xyz) be an (e,S) Freudenthal-Kantor triple system endowed 
with an automorphism a such that a 2 — ±id. Define a new triple product by 
{xyz} = xa(y)z. Then (U, {xyz}) is a (±e,$) Freudenthal-Kantor triple system, 
and a is an automorphism of (U, {xyz}) too. □ 

Corollary 3.2. Let (U,xyz) be an (e,5) Freudenthal-Kantor triple system endowed 
with a bijective linear map a : U U satisfying: 

o~ = ±/^id, a(x)a(y)o-(z) — na(xyz), 

for any x,y,z € U, where / /i £ F. Define a new triple product by {xyz} = 
xo~(y)z. Then (U, {xyz}) is a (±e,<5) Freudenthal-Kantor triple system. 

Proof. By extending scalars if necessary, the map a : x ^ffi ~ 1 a(x) is an auto- 
morphism of (U, xyz) with a 1 = ±id and Lemma 13. II applies. □ 

Example 3.3. Let (U,xyz) be an (e,5) Freudenthal-Kantor triple system. Con- 
sider the (e, S) Freudenthal-Kantor triple system defined on 

M 2)1 (f/) = jQ :x,yeU 

with componentwise multiplication. Then the map 

a : [ X \ I ^ ( " 



is an automorphism of (Af2,i(t/), XYZ) with a 2 = —id. Hence with {XYZ} = 
Xa(Y)Z, for X,Y,Z e M 2 ' A (U), M 2 ,i(U) becomes a (-e,S) Freudenthal-Kantor 
triple system. □ 

Proposition 3.4. Let (U, xyz) be an (e, 5) Freudenthal-Kantor triple system, and 
let a G K(U,U) (the linear span of the operators K(x,y) for x,y € U) satisfying 
a 2 = eSid. Then a is an automorphism of (U, xyz). Therefore, with the new triple 
product defined by {xyz} = xa(y)z, {U, {xyz}) is a (5, S) Freudenthal-Kantor triple 
system. 
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Proof. Equation (|3 . ltjf) proves 

K(a(x),y) = L(y,x)a - eaL(x,y) (3.2) 

for any x, y G U. Therefore, we have 

a(x)zy — 5yza(x) — yxa(z) — ea(xyz). 

In other words, the equation 

a(xyz) = —ea(x)zy + eyxcr(z) + edyza(x) (3-3) 

holds for any x,y,z G U. 

Apply a to both sides of (13.31) to get 

eSxyz — —ea(a(x)zy) + ea(yxa(z)) + eSa(yza(x)), (3-4) 

which, using p. 31) on each summand on the right hand side, becomes: 

eSxyz = —e^—5xyz + eza(x)a(y) + zyx^j 

+ e(^—ea(y)a(z)x + bxyz + edxa(z)a(y)j 
+ e5^—ea(y)a(x)z + bzyx + edza(x)a(y)j 
= 2e5xyz — a(y)a(z)x + Sxa(z)a(y) — Sa(y)a(x)z, 

and hence 

eSxyz = —Sxa(z)a(y) + Sa(y)a(x)z + a(y)a(z)x. 
With the substitutions x i— > cr(x), y t— > o~(y) and z t— > cr(z), we obtain, 

a{x)a{y)<r{z) = eS(—Sa(x)zy + 5yxa{z) + yza(x)j 

= —ea(x)zy + eyxa(z) + e5yza(x) 

= a(xyz) (using ([OJ). 

This shows that a is an automorphism of (U,xyz). The last assertion follows at 
once from Lemma 13.11 □ 

Corollary 3.5. Let (U,xyz) be an (e,S) Freudenthal-Kantor triple system, and 
let a £ K(U,U) (the linear span of the operators K(x,y) for x,y G U) satisfying 
(J 2 = ^iid for a nonzero scalar /i G F. Then a(xyz) — eS^ 1 cr(x)a(y)a(z) for any 
x,y,z G U. Moreover, with the new triple product defined by {xyz} = xa(y)z, 
(U, {xyz}) is a (5,6) Freudenthal-Kantor triple system. □ 

Proof. As in the proof of Corollarv l3.21 extend scalars if necessary and consider the 
map <j : x i-> y e<5/i -1 er(iz;), which belongs to K(U, U) and satisfies a 1 — e<5id. The 
result follows now from Proposition 13.41 □ 



This Corollary allows us to give examples of (1,1) Freudenthal-Kantor triple 
systems starting from structurable algebras: 

Example 3.6. Let (A, -,~) be a structurable algebra, and assume there is an el- 
ement / G A with / = -/ and ^ f 2 G Fl. Write f 2 = fil. Note that 
this is always the case for the simple structurable algebras of skew-dimension one 
AF84. Lemma 2.1(b)]. Consider the associated Kantor triple system (that is, 
(—1,1) Freudenthal-Kantor triple system), with triple product as in (|1.6p . Then 
K(f, l)x = {fxl} - {lxf} = V f . x (l) ~ V hx (f) =(f-f)-x = 2f-x (see (USD). 
But (|1.1[) gives / • (/ • x) — f ' 2 ■ x = [lx. Hence, with a(x) = f ■ x, we are in 
the situation of Corollary 13.51 and therefore, with the new triple product given by 
{xyz}" — {x(f ■ y)z} — V x j. y (z), A becomes a (1, 1) Freudenthal-Kantor triple 
system. □ 
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If ([/, xyz) is a nontrivial (U ^ 0) left unital (e, S) Freudenthal-Kantor triple 
system, that is, there is an element e such that L(e, e) = id, then p. lap with 
u = v = e gives (1 + e)L(x, y) = for any x,y E U. Therefore e = —1. Hence only 
(—1,(5) Freudenthal-Kantor triple systems may be left unital. 

Most of the arguments in the previous sections work for (—1,-1) Freudenthal- 
Kantor triple systems, so Lemma 12.31 is valid for them. Lemma 12.41 has to be 
changed to the next result, whose proof is obtained following the same arguments 
step by step. 

Lemma 3.7. Let (U,xyz) be a left unital (—1,-1) Freudenthal-Kantor triple sys- 
tem with left unit e. Then, for any u,v € U, the following conditions hold: 



K(u,e)e = (p + id){u), (3.5) 

K(u,v) = ±K(K(u,v)e,e), (3.6) 

p 2 = id. (3.7) 

In particular, p and p are invertible linear operators, and p 2 = id. □ 



We want to prove a result analogous to Lemma 12.81 which shows that we can 
modify slightly the triple product of a left unital Kantor triple system with the 
help of a suitable involutive automorphism, and get a new left unital Kantor triple 
system with stronger restrictions on the left unit. 

We could follow a path parallel to the one for left unital Kantor triple systems, 
but Proposition 13.41 allows a more direct approach. 

Theorem 3.8. Let (U,xyz) be a left unital (—1,-1) Freudenthal-Kantor triple 
system with left unit e. Then p : x i— > exe, is an involutive automorphism. Be- 
sides, consider the new (—1,-1) Freudenthal-Kantor triple system (U, {xyz}) with 
{xyz} = xp(y)z. Then {eex} = x = {exe} for any x € U. 

Conversely, let (U, {xyz}) be a (—1,-1) Freudenthal-Kantor triple system con- 
taining an element e such that {eex} = x = {exe} for any x € U, and endowed 
with an involutive automorphism a such that <r(e) = e. Define a new triple product 
on U by xyz = {xa(y)z}. Then (U,xyz) is a left unital (—1,-1) Freudenthal- 
Kantor triple system with left unit e, a is an automorphism of (U,xyz), and 
u = /i:i4 exe. 

Proof. Since K(e, e)x = exe + exe = 2p(x) for any x G U, it follows that p 
belongs to K(U,U), and Lemma [3.71 shows that p 2 = id. Hence Proposition 13.41 
shows that p is an automorphism. Now the first part of the Theorem follows since 
{exe} = ep(x)e = p 2 {x) — x (Lemma 13. 7p . 

For the converse, just note that o~(x) = {ecr(a:)e} = ea;e for any x G U . □ 

Definition 3.9 ([EOll, Definition 3.3]). An (e, 5) Freudenthal-Kantor triple sys- 
tem (U, xyz) is said to be special in case 

K(x,y) = eSL(y,x) - eL(x,y) (3.8) 

holds for any x, y G U. 

Moreover, ([/, xyz) is said to be unitary in case the identity map belongs to 
K(U, U) (the linear span of the endomorphisms K(x, y)). 

If an (e, S) Freudenthal-Kantor triple system is unitary, then necessarily e = S, 
and the system is special (see [EOlll Proposition 3.4].) 

Corollary 3.10. Let (U,xyz) be a left unital (—1,-1) Freudenthal-Kantor triple 
system with left unit e. Consider the new (—1,-1) Freudenthal-Kantor triple system 
([/, {xyz}) with {xyz} = xp(y)z. Then (U, {xyz}) is a unitary, and hence special, 
(— 1, —1) Freudenthal-Kantor triple system. 
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Proof. Denote by L(x, y) and K(x, y) the L and K operators in {U, {x, yz}). Then 
K(e, e) :i4 2{exe} = 2x, and hence K(e, e) = 2id and (U, {xyz}) is unitary. □ 

4. Associated Lie algebras and superalgebras 

Let (U, xyz) be an (e, 5) Freudenthal-Kantor triple system, then the space of 
2x1 matrices over U: 

7 = 7(U,xyz) = (r\ :x,y€u} (4.1) 

becomes a Lie triple system for 6 = 1 and an anti-Lie triple system for 6 = — 1 (see 
Y084, Section 3]) by means of the triple product: 

(4.2) 



ai \ a 2 \ a 3 
bi [bJ \b 3 



L(ai,b 2 ) - 5L(a 2l bi) 5K(a 1 ,a 2 ) \ / a 3 

-eK(b 1 ,b 2 ) eL(& 2 ,ai) - e5i(6i,a 2 )/ \b 3 

and, therefore, the vector space 

L = span { *M) : a, 6, c, d, e, / € tf} (4.3) 

is a Lie subalgebra of Mat2 (Endf(J7)J . (Given an associative algebra A, A~ 
denotes the Lie algebra defined on A with product given by the usual Lie bracket 
[x, y]=xy- yx.) 

Hence we get either a Z 2 -graded Lie algebra (for 8 = 1) or a Lie superalgebra 
(for 5 = -1) 

g{U)=a(U,xyz)=L®7 (4.4) 
where L is the even part and T the odd part. The bracket in g(U) is given by: 

• the given bracket in £ as a subalgebra of Mat2 (Eik1f(£7)) , 

• [M,X] = M(X) for any M G £ and X G 7 (note that Mat 2 (End F (E/)) ^ 
End F (7)), 

• for any a\ , a 2 , b\ , b% 6 U: 

ai\ I a 2 \l (L(ai,b 2 ) - SL(a2,h) 5K(ai,a 2 ) 

V -e«"(6i,&2) eL{b 2 ,a 1 )~eSL{b 1 ,a 2 ) / 

To simplify things, we will talk about the (anti-)Lie triple system T and the Lie 
(super)algebra £((f7), meaning that they are a Lie triple system and a Lie algebra 
for 6=1 and an anti-Lie triple system and a Lie superalgebra for 6 = — 1. 

This (super) algebra g(U) is Z-graded as follows: 

g(U)(0) = span j ( L <J 6) ^ ( ° J : a, 6 G C/| , 
00%) - (o 

fl(tO(-D - (J 

0(C/) (2 ) = span H° ^J'^s.kC/ 

0(C7) ( _ 2) = SP an|^ ( ° 6) °) :a,beU 
so that £)(£/) is 5-graded and 

£ = fl(C)(-2) © fl(tO(0) © fl(^)(2), 3" = fl(U)(-l) © 



12 



ALBERTO ELDUQUE, NORIAKI KAMIYA, AND SUSUMU OKUBO 



This Lie (super) algebra g(U) is completely determined by the (anti-)Lie triple 
system T. In case (U, xyz) is the Kantor triple system defined on a structurable 
algebra (A, •, ~) by means of (|1.6p . then g(U) coincides with the 5-graded Lie algebra 
X(A.~) defined in [579]. 

Proposition 4.1. Let a be an involutive automorphism of an (e, <5) Freudenthal- 
Kantor triple system. Then, with the new triple product defined by {xyz} = xa(y)z 
for any x,y,z € U, (U, {xyz}) is again an (e,<5) Freudenthal- Kantor triple system 
and the associated Lie (super) algebras Q(U,xyz) and q{U, {xyz}) are isomorphic 
(as 5-graded Lie (super) algebras) . 

Proof. The proof of Lemma 12 . 71 applies here and shows that (U, {xyz}) is an (e, S) 
Freudenthal-Kantor triple system. 

Consider now the (anti-)Lie triple systems T = 7(U, xyz) and T = 7(U, {xyz}). 
Denote by [...] the triple product in T and by [...]~ the one in T. Let $ : T — > 7 the 
linear isomorphism given by 

/ a\ _ / a 
b - \a(b) 



for any a, fe € U. Then, for any aj, 6j G U, i = 1, 2, 3, we have: 
$ 

VIA 01 . 

L(ai, b 2 )a 3 - SL(a 2 , h)a 3 + SK(ai,a 2 )b 3 



hi \ b 2 \b 3 



K -eK(b!,b 2 )a 3 + eL(b 2 , ai)b 3 - e5L(b 1: a 2 )b 3 

L(ai, b 2 )a 3 - SL(a 2 , h)a 3 + SK(ai,a 2 )b 3 
-eK(a(h), a(b 2 ))a(a 3 ) + eL{a{b 2 ), a(a 1 ))a(6 3 ) - e*L(o-(&i), a(a 2 ))a(b 3 ) 

L(ai,a(b 2 ))a 3 - 5L{a 2 ,o-{b 1 ))a 3 + SK(ai,a 2 )a(b 3 ) 
-eK(a(bi),a(b 2 ))a 3 + eL(a(b 2 ),ai)a(b 3 ) - e£L(cr(fei), a 2 )a(b 3i 



ai W a 2 \ a 3 
a{b x )J \cj{b 2 )) \cr{b 3 ))\ ' L* \bi) '\b 2 ) ' \b 3/ 

Since xyz) and g(U, {xyz}) are determined by 7 and T, the result follows. □ 

Theorem 12.91 and Proposition 14.11 have the next direct consequence (see also 
[B503] l: 

Corollary 4.2. Let (U,xyz) be a left unital Kantor triple system. Then its Lie 
algebra q(U, xyz) is isomorphic, as a 5-graded Lie algebra, to the Lie algebra 3C(A, ~) 
defined in A79J for a structurable algebra (A, •,"). Ln particular, Q(U,xyz) is a Lie 
algebra graded over the nonreduced root system BC\ and of type B\ . 

Special (—1,-1) Freudenthal-Kantor triple systems give rise to strictly BC\- 
graded Lie superalgebras of type C\ (see [EOlll Corollary 4.6]). For left unital 
(—1,-1) Freudenthal-Kantor triple systems, we can strengthen this result, as we 
obtain superalgebras graded by a (Lie superalgebra) root system. The reader is 
referred to [BE03] for the results needed on Lie superalgebras graded over the root 
systems of the simple classical Lie superalgebras of type B(m,n). 

The B(0, l)-graded Lie superalgebras are the Lie superalgebras that contain a 
subalgebra isomorphic to the orthosymplectic Lie superalgebra 5(0, 1) = osp(l,2), 
and such that, as a module for this subalgebra, they are a sum of copies of the 
adjoint module or the module obtained from it by interchanging the even and odd 
parts (the adjoint module with the parity changed), plus copies of the natural 
module or this module with the parity changed, plus a submodule with trivial 
action |BE031 Section 6] . In case the parity of any of the copies of the adjoint and 
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natural modules that appear in this decomposition is the natural one, we will say 
that the Lie superalgebra is a strictly B(0, l)-graded Lie superalgebra. In this case, 
the coordinate superalgebra considered in [BE03 is actually an algebra (the odd 
part is zero). 

Corollary 4.3. Let (U,xyz) be a left unital (—1,-1) Freudenthal-Kantor triple 
system. Then its Lie superalgebra Q(U,xyz) is a strictly B(0,l)-graded Lie super- 
algebra. 

Proof. By Propositions 14. II and 13. 81 we may assume that there is an element e € U 
such that eex — x — exe for any x € U. Thus L(e, e) = id and K(e, e) = 2id. Then 
the subalgebra of the Lie superalgebra q(U, xyz) generated by the odd elements ( q ) 
and (g) is 

0= span j(.° d o)'(e)'(o -id) ' (o) ' (o ) } ' 

which is isomorphic to the simple orthosymplectic Lie superalgebra B(0, 1) = 
osp(l,2), whose even part is isomorphic to s 12(F) and its odd part is the two- 
dimensional natural irreducible module for its even part. 

Given any iel/iU ?7_i, the f)-submodule m x of Q(U 7 xyz) generated by (°) is 
the linear span of the elements 

f 0\ f0\ (L{e,x) \ (x\ [0 K(e,x)\ 
\K(e,x) o)>\x)'\ -L(x,e))'\p)'\p J' 

because L(e, x)e — x, L(x, e)e — p(x) — ±x and K (e, x)e — eex + xee — x + p(x), 
which is for x E [7_i and 2x for x € U\. Equation p.6p shows then than 
K(e,x) = for x € U—\. Therefore, if a; € U-\, then is the three-dimensional 
natural module for t) = osp(l,2) (with the natural parity), while for x € Z7i, this 
module is isomorphic to the adjoint module for f) (again with the natural parity). 

Equation (|3.6p gives K(U, U) = K(U 7 e) = K(Ui,e). Therefore, as a module for 
fl, Q(U,xyz) is the sum of the adjoint modules m x for x £ U\, the natural modules 
m x for x € [/—i, and the submodule with trivial action of () given by: 

^ :<p€L(U,U), <p(e)=o\. 

This shows that q(U, xyz) is 5(0, l)-graded jBE03j . □ 

We finish the paper with a converse to Corollary 14.31 But first we need some 
preliminaries. 

Let (U, xyz) be an (e, 5) Freudenthal-Kantor triple system, and consider the 
(anti-)Lie triple system 7 in (|4.ip as well as the 5-graded Lie (super)algebra g(U) 
in (|4.4I) . The linear map $ : 7 — >• T given by 




is easily checked to be an automorphism of the (anti-)Lie triple system 7, such 
that $ 2 = — eSid, and hence it induces an automorphism of Q(U), also denoted 
by $, which satisfies $((g([/) (i )) = for any i = 0,±1,±2, and $ 2 = id 

if e<5 = —1, while <I> 2 is the automorphism whose restriction to q(U)u) is (— l) 4 id 
for i = 0,±1,±2. (For 5 = — 1, this is the grading automorphism of the Lie 
superalgebra g (U).) 

We may identify g(U)n\ with U by identifying (g) £ 0(f7)n) with x £ U. Then 
the triple product on [/ is recovered as: 



(4.5) 
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for any x,y, z € U, where on the right hand side we use the Lie bracket in g(U). 

Conversely, take e, 8 equal to 1 or —1 and let g be a 5-graded Lie algebra for 
8 = 1, or a consistently 5-graded Lie superalgebra for 8 = — 1 (this means that 

00 = 0-2 © 0o © 02 and Qi — g_i ® gi). Assume, moreover, that g is endowed 
with an automorphism <fr such that = Q-i for i — 0, ±1,±2, and $ 2 = id 
if eS = —1, while $ 2 is the automorphism whose restriction to Qi is (— l)'id for 

1 = 0,±1,±2. On U — Qi define the triple product by formula (I4.5[) . Then the 
operators L[x, y) : z i— > xyz and K(x, y) : z i— ► xzy — Syzx are given by: 

L(x,y)z= [[x,$(y)],z] = ad [x ^ (y)] (z), 

K(x,y)z= [[x,${z)],y] - 8[[y,$(z)],x) 
= 5[x,[y,$(z)]]-[y,[x,$(z)]] 
= 5[[x,y],$(z)] =5ad [x>y] (<Z>(z)). 

(Note that adr Xi!/ ] = ad^ a,d y — 8 ad y ad x , because for 8 = —1 the elements in q±\ 
are odd, while for 8 = 1 this is clear.) 

Therefore, for u,v,x,y,z € U we compute: 

[L(u,v),L(x,y)](z) 

= [&d[u,$(v)],&d[x,<!>(y)]]{z) 

= (ad[ad lu ,* M] (x),$(v)] +ad[x,[[uMv)]My)]])( z ) 

= ( ad [ad [l ,, s(t , )] (x),<i>( a )] a d[x,&(llv,&- 1 (u)],v])])( Z ) 

= ( ad [ad [lliS(t , )] (x),*( a )] +£ad[ I ,$([[»,*( u )], s ])]j(«) (as $ 2 (u) = -e5tt) 
= L(uvx, y)z + eL(x, vuy)z, 

and 

K(K{u,v)x,y)z = 8K([[u,v],$(x)],y)z 

= [{[[u, v], ${x)], y], *(z)] = [[[«, »], [$(1), y]], *(*)], 

because e [[0i,0i],0i] C [g 2 ,gi] = 0, while 

L(y, x)K{u, v)z — eK(u, v)L(x, y)z 

= 6[[y, $(a:)], [[u, v], $(z)]] - e*[[«, «], $([[x, $(y)], z]) 
= -[[$(!),!/], [[u, «],*(*)]] + M, [[$(x),y],$(z)]] 
= [M,[$(x),y]],$(z)]. 

Hence fl3.1a[) and (I3.1bp are satisfied, and (U, xyz) is an (e, 8) Freudenthal Kantor 
triple system. 

Example 4.4. Let g be a finite dimensional simple Lie algebra of rank I over an 
algebraically closed field F of characteristic zero. Fix a Cartan subalgebra f) and 
denote by E the set of roots. Thus 

g = f)® (®aGS0a)- 

Let A be a system of simple roots, which splits E into positive and negative roots 
E = E + U E~, where E + is the set of roots that are sums of simple roots and 
E~ = -E+. Take a Chevalley basis {x a , a € E; h u 1 < i < 1} (see [H72l §25]). In 
particular, [x ai X- a ] = h a with a(h a ) = 2 for any a G E. Consider the order two 
automorphism $ determined by <&(x a ) = —X— a for any a € E (so $|f, = —id). Let 
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p be the highest root. Then g is 5-graded: = 0_ 2 © 0-i © 0o © 01 © 02, with 

0±2 = ¥x± p , 

0±i = ©{fla : a £ a ^ ±p, (p\a) ^ 0}, 

So = f) © (©{0a : a £ S, (p\a) = 0}), 

where (.|.) is the bilinear form induced by the Killing form. 

Equation (|4.5[) endows U = Qi with the structure of a Kantor triple system 
((— 1, 1) Freudenthal-Kantor triple system), by means of 

uvw — [[u, &(v)], w\. 

Moreover, since dim 02 = 1, [u, v] = (u\v)x p , for a skew-symmetric bilinear form 
(.|.). Now dM]) gives: 

K(u, v)w = [[u, v], $(w)] = (u\v)[x p , $(w)]. 

Define a € EndF(c^) by a(z) = [a; p ,$(z)], so we get K(u,v) = (u\v)cr for any 
u, v E [7 = 0!. Especially a £ K(U, U). Besides, for any z £ U: 

<T 2 (z) = [ Xp ,$(*(z))] = [x p ,mx p ,$(z)})] 

= [x p , [$(x p ), $ 2 (z)]] = [x p , [-x- p , z}} 

= —[[x p ,x-p],z] (because [x p ,z] £ [02, 0i] =0) 

= -[h P ,z] = -z, 

where we have used that a{h p ) — 1 for any a £ S + with (p\a) ^ 0. Therefore, we 
have a 2 = —id, and Corollary 13.51 shows that a is an automorphism of our Kantor 
triple system (U, uvw). Moreover, with the new triple product 

{uvw} = ua(v)w, 

(U, {uvw}) is a (1, 1) Freudenthal-Kantor triple system. Besides, if we denote by L* 
and K* the L and K operators for this new triple system, K*(u,v) = K(u,v)a = 
(u\v)a 2 = — (u\v)id, so this system is balanced (its K operators are given by a 
bilinear form). 

Finally, with the triple product 

(uvw) = {uvw} — — (u\v)w + — (u\w)v + — (v\w)u, 

U becomes a Freudenthal triple system (see |M68j ). □ 



The orthosymplectic Lie superalgebra 5(0,1) = osp(l,2) is the subalgebra of 
the general linear Lie superalgebra gt(l, 2) given by 



b = 



A natural basis of fa consists of the elements 
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where {H,E,F} form a basis of the even part, which is isomorphic to s 12(F), and 
{X,Y} of the odd part. 
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Its natural three-dimensional module is isomorphic to the following subspace of 
fl[(l,2): 



' 2a 
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a 
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a 



a, fi, v 6 F 

A natural basis of this module consists of the following elements: 
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where H is even and X and Y are odd. 

The automorphism $ of flt(l, 2) given by conjugation by the matrix 






















1 






leaves invariant both b and f). Its square is the grading automorphism of g[(l,2). 
That is, it equals id on the even part and —id on the odd part. A simple computation 
shows: 

= Y, $(A) = Y. (4.7) 

If is a B(0, l)-graded Lie superalgebra, then it contains a subalgebra isomorphic 
to b, and [BE03 ( Theorem 6.20] shows that, up to isomorphism, g decomposes, as 
a module for b, as 

= (b<8> A) © (s®S) © D, 

for suitable vector superspaces A and 23. Besides, the subalgebra isomorphic to 
b is identified with b ® 1, for a distinguished even element 1 E A, and D is the 
centralizer in of this subalgebra. The action of H provides a 5-grading of 0, with 
0; = {Z 6 g : [if, Z] = iZ}. Hence we have: 

0_ 2 =F(g)^., 

(y ®yi)e (y 



0-1 

0o = (if® .A)® (^®S)©D, 
Bi = (JC®yi)© [X ® 25), 
02 = E® A 



(4.8) 



The Lie superalgebra is strictly -8(0, l)-graded if and only if the superspaces A 
and 23 have trivial odd part, so they are standard vector spaces. 

The automorphism $ of 0[(1,2) above extends to an automorphism of 0, which 
acts just on b and f), and which will be denoted by $ too. Therefore, if is strictly 
B(0, l)-graded, the vector space U = 0i is a (—1,-1) Freudenthal-Kantor triple 
system with the triple product given by xyz = [[x, $(y)], z] 

Now the promised converse of Corollary 14.31 is easy: 



Theorem 4.5. Let q be a strictly B(0, l)-graded Lie superalgebra. Consider the 
5-grading given by the action of the element H above. Then the element e = X ® 1 
is a left unit of the (—1,-1) Freudenthal-Kantor triple system (U = Q\,xyz) which 
satisfies exe — x for any x € U . 

Proof. We must prove that eex = exe = x for any x e 0i = (X ® A) ffi (X ® 23). 
This amounts to prove that L(e, e) — id and K(e, e) = 2id. 

But (|4.6p shows that L(e,e)x = adr ei $( e )] (x) and K(e, e)x = — a,d[ e ^(§(x)). 
Note that $(X) = Y by ijiTTp . so [e, $(e)j = [X, Y] ® 1 = H ® 1, which acts as the 
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identity on jji, as the 5-grading is given precisely by the eigenspace decomposition 
relative to H <g> 1. Hence L(e, e) = id. 

On the other hand, [X, X] = 2X 2 = -2E, so [e, e] = -2E ® 1, and hence 
K(e, e)(X 8«) = 2[E <g> 1, ® a] = 2[E® l,y«a] = 2[£, F] <g> a = 2X <g> a, 

while #(e,e)(X<g)&) = 2[£<g> 1, <g>6] = 2[£® 1, f ® 6] = 2[E, Y] ® & = 2X <g> 6. 
Hence A"(e, e) = 2id. □ 
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